
transactions of the
american mathematical society
Volume 241, July 1978

ULTRAFILTER INVARIANTS IN TOPOLOGICAL SPACES

BY

VICTOR SAKS1

Abstract. Let m > n0 and X = ]l¡elX¡. Then X is [n0, m]-compact if and

only if ¡¡¡eJX¡ is [K0, m]-compact for all J c / with |y| < 22™. Let m > Kq,

0{: £ < m) a net in X,p e X, and <$ e /3(m). Then/? = «¡) - lim£<m x£ if

{£ < m: x{ 6 £/} e ¿D for every neighborhood U of p. Every topological

space is characterized by its ^D-limits. Several topological properties are

described using ultrafilter invariants, including compactness and perfect

maps. If X is a Hausdorff space and D is a discrete space equipotent with a

dense subset of X, then A- is a continuous perfect image of a subspace of ßD

which contains D if and only if A" is regular.

1. Introduction. In [B,], A. Bernstein makes the following definitions.

Let ^D be an ultrafilter over the positive integers N, let A' be a topological

space, (xn:n G N) a sequence of points of X, and x G X. Then x is a ty-limit

point of (xn: n G A/) provided that if t/ is open in X with x E U, then {«:

*„ G Í/} G 6D ; in this case we write x = ^ - lim„^0O jc„. If every sequence

in X has a ty -limit point, then X is ^ -compact.

In [GS], John Ginsburg and the present author showed that a Hausdorff

space X has all of its powers countably compact if, and only if, it is

^D -compact, for some ^ in ßN \ N.

In this paper, we generalize the notion of ^-limit to nets indexed by an

arbitrary infinite cardinal. We show that any topological space is characteri-

zed by its generalized ^D — limits, and that a number of topological

properties can be described by the use of ultrafilter invariants.

It should be noted that the concept of ^ -limit was used in other guises by

several authors prior to the appearance of Bernstein's paper. The most

noteworthy example is Z. Frolik's nice Sums of ultrafilters [Fj] paper. When

Frolik writes x — 1,y{x„], this means precisely that x = v — lim x„. Also, in

the present author's thesis [SJ, the notion of ty -limit appears in the rather
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cumbersome form in completely regular Hausdorff spaces as follows: (xn:

n G N) is a sequence in X and if i: 7V-> {x„: « G N) is the natural map,

then/^C^) = x.
Recently, assuming the continuum hypothesis, M. Rajagopalan and R. G.

Woods [RW] constructed a sequentially compact space X which is not

^-compact for any ^ in ßN\N. Thus X2' is not countably compact,

answering in the negative a question in [SSJ.

This question was then answered in the negative by several mathematicians

using a variety of set-theoretic assumptions. In [K,], Kenneth Kunen, using at

least the continuum hypothesis, constructed a first countable sequentially

compact space which is not ^-compact for any fy. Jerry Vaughan [V3], using

the set-theoretic hypothesis 0, has constructed a family of perfectly normal

sequentially compact spaces whose product is not countably compact. See

[V3] for an up-to-date discussion of attempts to answer the question in [SS2]

without any additional set-theoretic assumptions.

For some interesting remarks concerning ultrafilters on N as limit operators

in compact Hausdorff spaces and for some very powerful results, see another

paper by Kunen [K2].

We are grateful to Professors E. Michael, R. M. Stephenson, Jr., and Jerry

E. Vaughan for some helpful comments and for supplying some references.

Thanks are also due to the referee, whose careful reading of this paper saved

us from several errors.

Definitions and Notation. Throughout this paper the letters m and n will

stand for infinite cardinals with n < m. As usual, the symbol n+ denotes the

smallest cardinal greater than n.

Let (x{: £ < m) be a transfini te sequence in X, x G X, and ^D G ß(m).

Then x is a ty-limit point of (x^. £ < m) if x G U open implies that {£:

x( G {/} G ^D ; in this case we write x = ^D — lim£<m xi.

M' = [x G X: x is an accumulation point of A/}.

A family (a¡: i G J) is faithfully indexed if /, i= i2 implies that a¡t ¥= a¡2.

Um = {<$ G ßm: M G <$ implies \M\ = m).

If X is a space and Y c X, then a point p of X is a complete accumulation

point of Y provided that | U n Y\ = \ Y | for each neighborhood U of p in X.

Note that we only use z = fy — limi<m x( when fy G ß (m). If n < m,

then since jun c ß(m) naturally, we can have z = ^ — Umí<m xé and ^ G

¡m.

Easily checked facts, most of which are direct generalizations of results in

[GS] are:

(i) if (xç-. £ < m) is faithfully indexed and <$ G ¡im, then if x = fy —

limi<m x(, then x is a complete accumulation point of the set [xf £ < m};

and conversely, if x is a complete accumulation point of {x(: £ < m}, then
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there exists fy G ¿irrt with x = <>D - lim£<m x£.

(ii) If X is a Hausdorff space, then whenever the tf) -limit of a net exists, it
is unique.

(iii) Let X be a T, space. Let (x£: £ < m) be a transfinite sequence and

x E (x£: £ < m}'. Then there exists <% E ß(m)\m such that x = ^D -

limi<m x£. We must be careful concerning the converse. If there exists

ty E ß(m) \ m with x = ty — limi<m x£, then x E (x£: £ < m}', but x is not

necessarily a cluster point of the net (x£: £ < m), for example: if (xn: n E N)

converges to x but x G {x£: u0 < £ < w,}', then for any ty G ß(u>0)\a0,

x = €) — limf<Ui x£ but x is not a cluster point of the net (x£: £ < w,).

(iv) A sequence (x„: « G A7) converges to x if, and only if, x = ^ —

lim„_00 x„, for each <$ G ßN \ N.

(v) If a transfinite sequence (x£: £ < m) converges to x, then x = 3) —

limi<m x£, for each ßD G ¡im. Conversely if m is regular, then if x — tf) —

lim{<m x£ for each fy E /urn, then (x£: £ < m) converges to x. If m is singular,

then if x = <>D - limi<m x£ for each <$ such that Q E /m and cf(m) < n <

m, then (xé: £ < m) converges to x. (Here as usual cf(m) denotes the smallest
cardinal cofinal in m.)

(vi) Let/: A"-» y be a continuous map, (x£: £ < m) a net in X, and let

z EX with z = ßß - lim£<m x£. Then

f(z) = ßD - lim f(xt).
t<m

2. Product spaces. The usefulness and elegance of the ^ -limit concept is

illustrated by the following results. We need some definitions.

A space X is [n, m "¡-compact if every open cover of X of cardinality < m

has a subcover of cardinality < n.

A space X has property C[n, m] provided that if M c X and n < |M| <

m, then M has a complete accumulation point in X.

The definition C[n, m] is made in the spirit of [V,], and we will show that

this property is different from any of the properties discussed in [V,]. This

property was formally introduced by Yu. M. Smirnov in [S3] under the name

"A0 in the interval [n, m]". In [CS], the property C[n, m] is called "[n, m+]-

compact in the sense of complete accumulation points". The property

[N0, m]-compact is sometimes called initially m-compact [SV], [V2]. It is not

difficult to show that a space is [x0, m]-compact if, and only if, it has

C[N0, m]. Additional results concerning the property C[n, m] will come in §6.

Many of our results concerning product spaces depend on the following

pleasant fact, whose proof is trivial.

Theorem 2.1. If X = U¡eIX„ and for each i E I, we have x, G X¡ and (x£'":

£ < m) a net in X¡ with x¡ = <% — lim£<m x£, then with x = (x¡: i E I) and

x( = (x£: i G /), then we have
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X =  ßj)   —  lim   Xe.
£<m     *

Lemma 2.2. Let X = Tl¡eIX¡. Then X is C[n, m] //, and only if, for every a

such that n < a < m, and every net (x£: £ < a) with x£ = (x£: / G /), and (x£:

£ < a) faithfully indexed, then there exist ty E ¡ia and x, G X¡ with x,- = öj) —

lim£<a x£, i.e., if x = (x¡: i G /), then x = ty — lim£<a x£.

Proof. Suppose that X is C[n, rrt]. Then the set (x£: £ < a] has a complete

accumulation point x in X and hence there exists ty G jua with x = öj) —

lim£<a x£.

Conversely, if (x£: £ < 0} is a set of distinct points of X with n < a < m,

then there exist x E X and öj) E /¿a such that x = öj) — lim£<a x£, and so x

is a complete accumulation point of (x£: £ < a).

Theorem 2.3. Let X = TLm¡X¡. Then X is C[n, m] if and only if R,ejX¡ is

C[rt, m],for eachJ c I such that \J\ < 22"".

Proof. If X is not C[n, m], then there exists M c X, \M\ = a with

n < a < m and M has no complete accumulation point in X. Set M = (x£:

£ < a}, and each x£ = (x¿: i G /). By Lemma 2.2, for each öj) E /xa, there is

/(öD) G / for which (x/(*>: £ < a) has no öj) -limit point in Xfm. Let J =

/[/xa] u Ä" where \K\ < n and we include K in / to insure that if tt:

X^>EieJXi is the natural projection, then tt is one-to-one on M. Note that

|/| < 22° < 22"1, v(M) c LT/6/^ has no öD -limit point, for any öß e ¡xa, and

so 7t(A/) has no complete accumulation point in Ilie./Ar,.

The reverse implication is trivial.

The next result follows as a special case of Theorem 2.3. Recall [AU] that a

space is countably compact if and only if it is C [n0, n0].

Theorem 2.4. Let X = LIA',. If every product of at most 2C of the spaces X¡ is

countably compact, then X is countably compact.

This improves a theorem in [SS2], which says that X is countably compact

provided that every product of at most 22' of the spaces X¡ is countably

compact.

It would be nice to show that Theorem 2.4 is a best possible result (that is,

that 2C cannot be replaced by any smaller cardinal number), and with some

additional set-theoretic assumptions, we are able to do so. Our first example

is a natural one to consider.

For each p G ßN \ N, let Kp = ßN \ {/>}. It is well known, and easy to

prove, that Hp£ßN\NKp is not countably compact. Thus we would like to show

that if J c ßN \ N and |/| < 2C, then UpeJKp is countably compact. An

early version of this paper showed that if one assumed N, = c and N2 = 2C,

then if |7| < 2C then IlpejKp is countably compact. The proof used Theorem
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2.4 of [SS,]. A recent result of S. H. Hechler in [H] shows that Martin's

Axiom implies that if |7| = c, then HpeJKp is countably compact. Thus

Martin's Axiom plus c+ = 2C are enough to guarantee that if \J\ < 2°, then

UpeJKp is countably compact. It seems possible that still weaker set-theoretic

assumptions would be sufficient for this purpose, but to our knowledge, this

remains an open question.

We will now show that Martin's Axiom is sufficient to prove that 2° is a

best possible result in Theorem 2.4. I am grateful to Wis Comfort for the

basic idea of the example we will construct, which is similar to a technique he

used in [C] to solve a parallel problem concerning pseudocompact product

spaces.

To perform the construction we need the concept of a Ramsey ultrafilter.

Definition. An ultrafilter öD on N is a Ramsey ultrafilter if whenever [An:

n E N) is a countable decomposition of N and for all « G N, A„ £ öj) > then

there exists .4 G öj) with \A n An\ < 1, for all «.

Clearly a Ramsey ultrafilter is a P-point, since an ultrafilter öj) on AMs a

P-point if whenever [A„: « G A/} is a countable decomposition of N and for

all n E N, An G öj), then there exists A E öj) with \A n A„\ < N0, for all «.

This can be shown directly, as in Lemma 9.14 of [CN]. In Theorem 9.6 of

[CN], a collection of properties equivalent to the Ramsey condition is given.

In Theorem 4.12 of [B2], D. Booth showed that Martin's Axiom implies that

not every P-point of ßN \ N is a Ramsey ultrafilter. In [B3], A. Blass has

shown that Martin's Axiom implies the existence of 2° Ramsey ultrafilters on

N, and in particular the existence of 2C different types of Ramsey ultrafilters

on N, which is the result we need.

The following notation will be useful: If öj) e ßjy \ /v, x = 6j) _

lim„_>00 x„ and S c N with S E öD, then x = öj) — lim„ss x„, indicating that

x is a öj)-limit of the sequence (x„: « G S). Clearly if ^D is a Ramsey

ultrafilter, x = öj) - lim,,^«, x„ and {n: x„ ¥" x} E fy, then there exists S G

öj) with x = öD — limne5 x„ and (x„: « G S) is faithfully indexed.

We now offer two lemmas which may be of some interest in their own

right. I am grateful to John Ginsburg for a conversation in which we worked

out the proofs to the lemmas.

Lemma 2.5. Let öj) be a P-point of ßN \ N, x E ßN \ N, (x„: n G N) a

faithfully indexed sequence in ßN \ N, and x = öj) — lim^^,^ x„. Then there

exists A E öD with x = öj) — lim„e/4 x„ and {x„: n E A } is discrete.

Proof. Since (x„: « G N) is faithfully indexed, we can clearly assume

without loss of generality that x„ ^ x, for all «. Hence no x„ is a öj)-limit

point of (x„: n G N). So for each «, there exists Mn c N with M„ E xn and

Tn = [k E N: M„ E xk] G öD. Since fy is a P-point there exists A E öj) with
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\A n T„\ < H0, for all n. Then x = öj) - limn6M x„, since /l G 6¡). Moreover

M„ E x„ and {k E A: M„ E xk) = T„ n A is finite. Thus the set {x„:

n E A} is discrete.

Lemma 2.6. Le/ 6¡)i an¿ g¡)2 oe p.points of ßN\N of distinct types. Let x and

y be points of ßN \N, (x„: n E N) and (y„: « G N) faithfully indexed

sequences in ßN, x = öD, — lim,,.^ x„ and y = öD2 — lim^. 77ie« x =£y.

Proof. Lemma 2.5 guarantees that we can assume that the sets {x„:

« G A/} and {y„: n E N) are discrete. We also assume, as in the previous

proof, that for all n, x„ ¥* x, x„ ¥= y,yn ¥= x, andj»,, i= y. Then as before, for

each k G N, yk ¥= öD, — limn.,«, xn so there exists Mk E yk for which Tk =

{«: A4 G x„} G öj),. Then there exists A G % with |^4 n rfc| < N0, for all k.

Then x = ^i — lim,,e^ x„ and for each k,yk G {x„: « G A)'.

Similarly find B E % with y = fy2 - lim„eBy„ and for each k, xk $. { v„:

« G 5}'. Then {x„: n E A) \j {y„: n G 5} is discrete.

Set Z = {x„: nEA}\j { v„: n£i}. Then clZœ ßN and Z' = cl Z \ Z

« /?A/ \ AT.
Now we will apply the theory of relative types, i.e., a point p in Z' has a

type as a point of cl Z as well as a type as a point of ßN [F„ 1.5],

[SSa, Lemma 1.1] or [W, Lemma 3.42] and [SS3], [W] if W c Z andp G W,

then the type of p with respect to If is the same as the type of p with respect

toZ.

Thus in our example, the type of x with respect to Z is the type of 6Ùl, and

the type of y with respect to Z is the type of öD2. Since öß, and % have

different types, x ¥= y.

We are now ready to construct the promised example. Note that the

hypothesis of Ramsey ultrafilter (as opposed to P-point) is used only in the

first line of the proof, where, in order to apply Lemma 2.6, we need to assume

that the sequences can be chosen to be faithfully indexed.

Theorem 2.7. Let I be the set of types of Ramsey ultrafilters on N and select

% of type i,for each i.
Set F¡ = {x E ßN \ N: there exists a sequence (x„: n E N) in ßN with

x = % - lim,,-« xn and {«: x„ ¥> x} G %).

Set Jf( = JVu U/^rf-F) and X = Jl¡elX¡. Then X is not countably compact

and if J Ç /, then IT/6./A'( is countably compact. In particular, if \J\ < \I\, then

U¡eJX¡ is countably compact.

Proof. First, / ¥=j implies that F¡ (~) F¡ = 0, which follows immediately

from Lemma 2.6. Then N is (homeomorphic to) the diagonal of X and so X is

not countably compact. Now let J ÇJ / and so there exists i0E I \ J. To

show that UjsjXj is countably compact, let (x„: n G N) be a sequence in
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U¡ejX¡ and we need to define a cluster point x = (x(: i G /) of the sequence.

So take / G J and consider (ir¡(xn): n G N). If there exists x G ßN such that

{«: 7r,(x„) = x} G öD(., then clearly such x is unique and an element of X¡

and so we can set x, — x. If no such x exists, then the sequence (77; (x„):

« G N) has a unique öDIo-limit point x(- G F¡ c X¡. Let x = (x,-: 1 G J) and

since for each i, x¡ = öj), — lirn,,^«, 7r,(xn), applying Theorem 2.1 we have

x = ö]), — lim,,.,«, x„. Thus LT,eyAr/ is countably compact.

Using the previously quoted result of Blass, we can state the relationship of

this example to Theorem 2.4 as follows.

Theorem 2.8. Martin's Axiom implies the existence of a set I of cardinality

2C and a family of spaces (X¡: i G /) such that H¡e¡X¡ is not countably compact

and if J c / with \J\ < |/|, then UieJX¡ is countably compact.

Note that for any m < 2C, this theorem holds with m in place of 2C.

We will now offer a new proof of the Tychoftoff theorem.

Definition. Let öj) g um. A space X is op - m-compact provided that each

transfinite sequence (x£: £ < m) has a öD-limit point in X.

Theorem 2.9. The following assertions are equivalent for X.

(a) X is compact;

(b) X is öD — m-compact, for all m and for all <§ E urn;

(c) X is öD — m-compact, for all m <\X\ and for all öD G ¡xm.

Proof. (a)=>(b) Let (x£: £ < m) be a net in X and öD g um. We will

produce a öD -limit point for (x£: £ < m) in X. For each K E öD, set FK =

{x£: £ G K). Then

FKln ••• nFK = FKin...nK¡

and so (FK: K G öj)) has the finite intersection property. Since X is compact,

there exists p E Dks^k- Take p EU open and set M = {£: x£ G U).

Then since for each K E fy, U n FK =£ 0, we have, for each K E öD,

M n K =£ 0, i.e., M E6^, sop = öj) _ lim£<m x£.

(b) =» (c) is trivial.

(c) => (a) This is easy, since if A c X is infinite, then \A | = m < |X| and set

A — (a£: £ < m). Take öj) e jum, and there exists a EX with a = öD —

lim£<m a£. Thus A has a complete accumulation point in X, and so X is

compact.

This result can be contrasted with a later result, where we show that if there

exists/» G ßN \ N such that/? is not an accumulation point of any countable

subset of ßN \ N, then there exists a Hausdorff space X which is öß — tig-

compact for every öD G ßN \ N but X is not x0-bounded.

Since it is immediate that every product of öj) — «j-compact spaces is
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öD — «j-compact, we have a proof that the product of compact spaces is

compact [S2].

3. A space is characterized by its öD -limits. In this section we exhibit several

properties possessed by the collection of öD -limits of a space. It is also shown

that in any space, the topology is determined by the ^ -limits of the space.

The following result is essential to the remainder of this paper.

Theorem 3.1. Let X be a space, A = {ay: y < n} dense in X, x = öj) —

lim£<m x£, each x£ = öj)£ — limy<n ay, and suppose that in ß (n), y = öD —

lim£<m öD£. Then in X, x = y — limy<n ay.

Proof. Let x G V open and set L = (y: ay E V). We need to show that

LEv.
Set K = {£: x£ G V). Then K E <$ and so y E cl{öD£: £ G K). For each

£ G K, L G %.
Thus v G cl{öD£: £ G AT} c L and so L G v.

This fact is very natural; it says essentially that if a sum of ultrafilters can

be taken in ß (n), then if we take the same sum of ultrafilters in a space X, the

answer in X will reflect the answer in ß (n). We will use this fact in several

constructions.

We will now show that any space is characterized by its öj) -limits, and

conversely, we exhibit necessary and sufficient conditions that a specified

collection of öj) -limits on a set X yield a topology. The conditions are natural,

i.e., that sums in ß(n) be respected and that the property of an ultrafilter

being closed under the taking of finite intersections be respected.

Theorem 3.2. Let X be a set with X = m. For each öD G ß(m), suppose that

we have a collection ß(öD) of ordered pairs, where the first element of the pair is

a net, indexed by n, of points of X where öj) e ß(n) C ß(m), and the second

element of the pair is a point of X. For each A a X set

Â= A u (x E X:3ty E ß(m) \m 3(x£: £ < n) cA

such that ((x£: £ < n), x) G e(*D)}.

The following are equivalent:

(a) "~" is a closure operator and ((x£: £ < n), x) G C(öD) if and only if

x = öj) — lim£<n x£ in the topology induced on X by ~.

(b) the collections (¿(^satisfy the following two conditions:

(i) If x, (x£: £ < t), and (ay: y < n) are elements of X and ((x£: £ < t),

x) G C(öD), ((ay: y < n), x£) G 6(%), and if in ß(n), y - öj) _ liiri{<t q>(,

then ((ay: y < n), x) G G(y).

(ii) 7/((x£: £ < n), x) G e(*D) and if(ys: £ < t) is such that {£: x£ = j>£} G

öj), then ((v£: £ < t), x) G 6(0)). Here co < t < n.
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Moreover, if "~" is a closure operator, then X is Tx if, and only if, (iii)

whenever {£: x£ = x} G öj) and y ¥= x, then y ^ öj) _ lim£<n x£.

Furthermore, a Tx space is Hausdorff if, and only if

(iv) x = öj) — lim£<n x£ a«i/v = öj) — lim£<t x£ implies that x = y.

Proof. If X is a topological space, then (i) is Theorem 3.1 and (ii) is

obvious.

To show the converse it is trivial that $ — <¡> and that A c A for all A c X.

The condition A <z A is implied directly by condition (i) so it remains to

show that A u B= A u B, for alM, B cX.lt is immediate if A c B, then

A c 5 so we need to show A {j Be A (j B, i.e., if x = öj) _ lim£<n x£ with

{x£: £ < n} c A u B and x G /l u B, then x G A u 5. We assume that

A \ B and B \ A are both nonempty, so take a£i\5 and b E B \ A.

Define j>£ = x£ if x£ G A    Define z£ = x£ if x£ G B

and v£ = a if x£ G A        and z£ = 6 if x£ G B.

If (£:>>£ = x£} G öD, then If {£: z£ - x£} G ¿D, then

x = öj) — lim Ve and x G ^.    x = öD — lim zt and x E B.
«n    4 £<n    *

If both fail, then <}> = {£: x£ G /í} n {£: x£ g 5} G öD, which is a contra-

diction.

The T, condition requires no comment. See [M2].

If X is Hausdorff, then it is easy to see that condition (iv) is satisfied,

because one of n and t is greater than or equal to the other, say n < t, and

restricting the t-net to n, the result follows from the uniqueness of the öß -limit

of a fixed net.

We now show that a space with unique öD -limits is Hausdorff. First, such a

space is T,. To verify condition (iii), suppose that {£: x£ = x} G öD and

v ¥= x. Since x = ^Ù — lim£<n x£, condition (iv) says that y =£ ty —

lim£<n x£.

Now suppose that the space is not Hausdorff, i.e., there exist x, v G X with

x ¥= y and whenever x G U open and v G V open then U n V ¥= 0. So take

x([/K) G U n V. Well order (according to a cardinal) {x((/K): i/and V open,

x G U,y E V} so we write this set as the net (x£: £ < m). We will show that

there exists öj) e ß(m) \ m with x = öj) — lim£<m x£ and y = tf) —

lim£<m x£, which is the desired contradiction. Clearly we have x E (x£:

£ < m}' and v G {x£: £ < m}'. Now take s(U, V) = {£: x£ E U n V). We

will show that s(U, V) is infinite. If either x or v is in U n V, then s(U, V) is

infinite, since the space is Tx. If neither x nor y is in U n V, let U = Ux and

there exists x, = x(í/i¡V) E U n V. Note that x J= x,. Now inductively define

Un = U„_x\ {x„_,}   and   there   exists  x„ = x([/K) E Un n V c U C\ V.
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Clearly [x„: n E N) is an infinite subset of s(U, V). Now take

S = {s(U, F)\{£}:x G i/open,v G Fopen,£ < m}.

Then § has the finite intersection property so § c öD, for some öj) g ß (m) \

m. Clearly x = öD — lim£<m x£ and y = öj) — lim£<m x£.

4. Perfect maps.

Definitions. Let/: X -» Y be an onto function. Then

(i)/is perfect if/is a closed map and/~'(v) is compact for each v G Y.

Note that/is not necessarily continuous.

(ii) / is öj)-perfect if whenever y = öD - lim£<m/(x£) then there exists

x E X such that x = öD — lim£<m x£ and/(x) = y.

(iii) / is öj)-continuous if whenever x = öß _ iim ^ then f(x) = öß —

lim/(x£).

(iv) A subset A of X is öß -closed in X if whenever x G A", x = öj) — Um x£,

{x£: £ < m} c A, then x G A.

(v)/is öj) -closed if .4 öj) -closed in X implies that/[/4] is öj) -closed in y.

Easily checked facts are:

(a)/is continuous if, and only if,/is 6D-continuous, for every öß g ß(m),

for every m.

(b) /Í is closed if, and only if, A is öj)-closed, for every öj) e /?(m), for every

m.

(c) If/ is öj)-closed for every öD, then/is closed.

(d) The converse to (c) is false. Let öj) e ßN \ N, T c ßN \ N be all

ultrafilters of type öj). Let X = ßN \ T, and Y = TV u {*} be the one-point

compactification of N. Define /: X -» Y by /(«) = « for all « G N, and

/(x) - * for all x G X \ N. Then/is closed but not öj) -closed.

(e) If X is öj) — m-compact and A is closed in X or if /I is öj) -closed in A",

then /I is öß — m-compact.

(0 If/is öD-perfect, then/is öß -closed.

(g) The converse to (f) is false. Let Y = {v} be a singleton space and define

/: A/-» y by/(n) = v, for all n E N. Then/is öß -closed for every öß but/is

not öß-perfect for any öß E ßN \ N.

(h) If X is öß — m-compact, Y is Hausdorff, and/ is continuous, then/ is

öß-perfect.

Proof of (h). Let y = öß - lim£<m/(x£). Consider (x£: £ < m) in X and

since X is öß — m-compact, there exists x G X such that x = öß - lim x£.

Since/is continuous,/(x) = öß — Hm/(x£). Since Y is Hausdorff, öß-limits

are unique, and so/(x) = y.

Theorem 4.1. Let Y be Hausdorff and let f: X~* Y be continuous onto. Then

fis perfect if and only if fis öß -perfect for every öß.
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Proof. Suppose that / is perfect and we assume, for the sake of a

contradiction, that there exists öß for which/ is not öß-perfect. Then in Y

there exist v = öß - lim£<m v£, yt = /(x£), and (x£: £ < m) has no öß-limit

point in X. This is so because if there were x G X with x = öß _ iim X(t then

as in the proof of (h) we would have/(x) = y. Then for each x Ef~x(y),

there exists Ux open, x G Ux, and {£: x£ G Ux) G öß. Since /-10>) is

compact and/-1(j) c Uxe/->(y)Ux, we can find a finite subcover/-1(.y) C

U ?_,l/v Let U = U?=,Í4 and so f~\y) c U and {£: x£ G U) G öß.
Consider {£: x£ G £/) = ME öß. Take B = {x£: £ G M), and U n ¿ =0.

Since/is closed, /[f?]c/[£] is closed in y [D, p. 87], and>> G f[B]cf[B].
So there exists z E B such that/(z) = y. But z EU open and {/ n 5 =0 so

z $ B, and we have a contradiction.

Conversely let / be öß-perfect for every öß. That / is closed follows

immediately from easily checked facts (c) and (f).

To show that f~l(y) is compact for each v G Y, it suffices, by Theorem

2.9, to show that f~l(y) is öß - m-compact, for all m and all öß with

öß G um. So let (x£: £ < m) be a net in X with/(x£) = y, for all £ < m. Set

v = öß - lim£<m/(x£). Then there exists x EX with/(x) = y and x = öß -

lim£<m x£ and so (x£: £ < m) has a öß-limit point in X.

Note that in the converse direction we did not use either the hypothesis

that y is Hausdorff or that/is continuous; thus we have the following result.

Theorem 4.2. Let f: X-*Y be an onto function. Then iff is öß -perfect for

each öD, then f is perfect.

In the next section, we will apply Theorem 4.2 in a context in which/is not

necessarily continuous.

In [E, p. 167] a result of Henriksen and Isbell in [HI] is quoted:

Theorem (Henriksen-Isbell). If X and Y are completely regular Hausdorff

spaces and f: X -» Y is continuous onto, then f is perfect if, and only if,

fß(ßX\X) = ßY\Y.

If X and y are completely regular Hausdorff spaces and /: X -» Y is

continuous onto, then the equivalence of the conditions fß(ßX \X) = ßY\

Y and / is öD -perfect for every öD is virtually trivial, and the two conditions

say pretty much the same thing. Thus Theorem 4.1 can be considered to be a

substantial generalization of the theorem of Henriksen and Isbell.

Since it is easy to see that a product of öD -perfect maps is öD-perfect, then

we have

Theorem 4.3 [B4], [F2]. The product of perfect continuous maps is perfect.

In [B4, p. 117], it is shown that Theorem 4.3 implies the Tychonoff theorem,

so this is another proof of the Tychonoff theorem.
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5. Regular spaces. In this section all regular and completely regular spaces

are Hausdorff.

Let A" be a Hausdorff space, A dense in X, A = (a£: £ < m) faithfully

indexed, and so \A\ = m. Let

y= (öß g ß(m): there exists x^ G Xwithxq,= öß - lim aé).

Since öD -limits of a fixed net are unique, if x<¡¡, exists, it is unique. Hence we

have a natural map <¡>: y-»A' defined by <#>(öD) = x^. Note that <¡> is well

defined and that if £ < m, then <£(£) = a£. We call ^ the special map and Y

the special space of X with respect to its dense subspace A, writing Y =

S(X, A). Note that the ordering on A does not really affect the space Y, that

is, if a: m -» m is a bijection, then the special space Y associated with X and

its dense ordered subspace (a£: £ < rrt) is naturally homeomorphic to the

special space Ya associated with X and its dense ordered subspace (aa^y

£ < m). It is clear that the choice of A may affect Y, i.e., if \A\ < \X\, then

S(X, A) is not homeomorphic to S(X, X) since S(X, X) has a dense discrete

subspace of cardinality lA'l and S(X, A) does not.

Clearly <J> is onto and if öß e Y, then <$> restricted to m u {öß}, henceforth

written as <>|mu{<?>}» is continuous. We need to state the folklore lemma: if/:

H-> F is a function, E is dense in H,f\EuW is continuous for each h E H,

and Fis regular, then/is continuous [BD], [GJ, problem 6H].

Thus, if X is regular, then $ is continuous.

We will now prove that ^ is perfect, and that if 4> is continuous, then X is

regular. Then will follow some discussion.

(i) $ is perfect. By Theorem 4.2, it suffices to show that <f> is öß -perfect, for

every öß. So let x = öß — limÄ<n 4>(ys) and we need to show that there exists

y G y, y = öß - limä<nya and <í>(y) = x. By the definition of <í>, <¡>(y$) = yg

- lim£<m ö£. In ß(m), take y = öß — Hms<nys. By Theorem 3.1, x = y -

lim£<m a£ and soy G y and <¡>(y) = x.

(ii) If 0 is continuous, then X is regular. This can be shown directly, as in

[D, p. 235].
Thus the following converse of the folklore lemma is true:

Theorem 5.1. Let X be a Hausdorff space such that whenever Y is a space, f:

Y-*X is a function, Y has dense subspace M and f\M\j{?) 's continuous, for

each y G Y, then f is continuous. Then X is regular.

This is known, it was proved by Bourbaki and Dieudonne [BD] in 1939.

In [GJ], it is shown in Corollary 10.14 that for any completely regular space

X, if D is a discrete space equipotent with a dense subset of X, then A" is a

continuous perfect image of a suitable subspace of ßD. In the following
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theorem, we summarize our results of this section, and generalize

[GJ, Corollary 10.14].

Theorem 5.2. Let X be a Hausdorff space, A — (a(: £ < m) a dense subspace

of X. Let Y = (öD G ß(m): there exists x^E X with x<$ = öß — lim£<m a£}.

Let <í>: Y ̂ > X be the special map. Then <f> is perfect and <¡> is continuous if, and

only if, X is regular. Thus if X is a Hausdorff space and D is a discrete space

equipotent with a dense subspace of X, then X is a continuous perfect image of a

suitable subspace of ßD which contains D if and only if X is regular.

Now let X and Z be Hausdorff spaces, A dense in X, and /: X -» Z is

continuous onto. Then we have the special spaces Yx = S(X, A) and Yz =

S(Z,f[A]), and the following diagram

yx   -4    yz
<t>xl l<t>z
X    ->    z

/
Then there exists a unique /: Yx -» Yz continuous making the diagram

commute. To see this, let y G Yx. Then y — y — lim£<m £ and there exists

x G X such that x = y — lim£<m a£. Then

/(x)=y-lim/(a£)

and so there is a unique

/(y)=y-lim <í»z'/(«i)-

Then, for each y G Yx, f\muiy-¡ is continuous, and since Yz is regular,/is

continuous. It is now easy to check that if X and Z are regular, then / is

perfect if, and only if, / is perfect.

After the short communication I gave at the International Congress of

Mathematicians in Vancouver, the question was raised as to whether X

N0-bounded is equivalent to X being ultracompact (defined below). I gave

Bernstein's result that X N0-bounded implies that X is ultracompact and if X

is completely regular ultracompact, then X is N0-bounded. Thus the two

properties are equivalent when X is completely regular. At that point, I.

Juhász reported that the equivalence holds when X is regular, and that his

proof is in the context of Non-Standard Analysis (as is most of Bernstein's

paper, although his proof that X completely regular ultracompact implies X is

N0-bounded is topological). We offer a topological proof that X regular

ultracompact implies X is N0-bounded, as a corollary to a more general result.

First some definitions.

X is m-bounded if A c X, \A\ < m imply that cl^ A is compact;
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X is m-ultracompact if n < m, öß g /in imply A- is öß — n-compact.

If X is N0-ultracompact, then we say that X is ultracompact, as in

Bernstein's paper.

The following result is (a) => (c) of Theorem 2.9.

Theorem 5.3. IfXis m-bounded, then X is m-ultracompact.

Theorem 5.4. IfX is m-ultracompact regular, then X is m-bounded.

Proof. Let A c X, \A \ = n < m. Now take the special space Y =

S(c\xA,A) and #: Y-*c\xA the special map. Note that Y c ß(n). Now

write A = (a£: £ < n) and since for each öß g ß(n), there exists xq = öß —

lim£<m a£, y = /?(n). Since X is regular, cl^ A is regular, so <#> is continuous

and cljr A is compact.

Corollary 5.5 (Juhász). IfX is ultracompact regular, then X is ^-bounded.

Question. What else can we say about when ultracompact implies No-

bounded, or more generally, about when m-ultracompact implies m-bounded?

Theorem 5.6. Assume that there exists p G ßN \ N such that p is not an

accumulation point of any countable subset of ßN \ N. Then there exists a

Hausdorff space X which is ultracompact but not n0-bounded.

Proof. Take x G ßN \ N, x ¥= p. Let X = ßN \ {/?}. Set 9 = { U c X:
U — 0 or x £ U and U is open in ßN or x G U and U = V u A with
x G V open in ßN and A Ep).

Then A" is a Hausdorff space, X is not regular, X is ultracompact since ßN

is and the fiddling with p does not affect ultracompactness since p is not an

accumulation point of any countable subset of ßN \ N and x «■ p -

linW n.

X is not «Q-bounded, that is, X is not compact, because it is not regular and

also because X \ N is homeomorphic to ßN \(N u {/»}), and is closed in X

but not compact.

Remarks and questions. In [B2] D. Booth shows that Martin's Axiom

implies there exist P-points in ßN \ N. Thus we have Martin's Axiom implies

there exists a Hausdorff space which is ultracompact but not K0-bounded.

Some natural questions arise. Is Martin's Axiom necessary to construct a

point p of ßN \ N which is not an accumulation point of any countable

subset of ßN \ NI Is Martin's Axiom necessary to construct a Hausdorff

ultracompact space which is not N0-bounded?

Added in proof. Kenneth Kunen has recently shown that there exist

points of ßN \ N which are not accumulation points of any countable subset

of ßN \ N. Thus Theorem 5.6 shows that there exists a Hausdorff ultracom-

pact space which is not N0-bounded.
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The construction in Theorem 5.6 can be generalized, that is, if one assumes

that there exists p E ß (m) \ m which is not an accumulation point of any

subset of /? (m) \ m of cardinality < m, then there exists a Hausdorff m-

ultracompact space which is not m-bounded. This is not so interesting since

the existence of such p is still unknown; the question of their existence was

asked in [SSj]. So we have another question: Does there exist m > N0 and a

Hausdorff m-ultracompact space which is not m-bounded?

In [E, p. 165], it is stated that a theorem of Alexandroff and Urysohn in

[AU] says that if X is countably compact Hausdorff first countable, then X is

regular. The following theorem directly generalizes this result.

Definition. Let A" be a space. Then %(X) = the least cardinal such that

each point of X has a local basis of < %(X) open sets.

Theorem 5.7. Let X be Hausdorff [H0, m]-compact with %(X) < m. Then X

is regular.

_Proof. Take x G U open and we need to produce O open with x G O C

O c U. Let (0£: £ < m) be a local basis at x, and we assume without loss of

generality that 0£ c U, for all £ < m. For each y G U \ U, there exists Ot

and W\ open such that 0£ n W¡ = 0, x G 0£, and y G W$.

Let 5£ = (y G U \ U: there exists W{ open, x G Oé, y G W{, W% n Oi

= 0}. For each £ < m, let

^{=U {Wl.yEBt}.
Then   Ü \ U c U(<mW and  so  there  exist  £„...,£„  with   U \ U C

u?.,»^ = w.
Then x G O = n£-i0$ is open and if y G U \ U, then y G IF and

W n O =0, soy G O. Therefore O c U.
An early version of this paper asked if there exists a countably compact

Hausdorff space X in which each point is a Gs but X is not first countable. In

[A] C. E. Aull has constructed such a space.

6. C[n, m] spaces. We first show where C[n, m] fits into J. Vaughan's

collection of properties in [V,].

Notation and Definitions. If S is a set, then

<3>n(S) = {AcS:\A\<n}.

A space X has property N[n, m] provided that every net in X whose domain

is öj»n(b) for some n < b < m has a cluster point.

Vaughan shows that N[n, m] implies [n, m]-compact and that they are

equivalent if n = N0; in fact, all of his properties are equivalent if n = N0. We

have already mentioned that a space is [n0, m]-compact if, and only if, it is

C[k0, m]. The following proposition is useful in the verification of this result,

and may also be of some interest in its own right.
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Proposition. Let X be a noncompact space. Let a be the smallest infinite

cardinal for which there exists a subset A of X of cardinality a which has no

complete accumulation point. Then a is a regular cardinal.

Proof. If a is singular, then cf(a) < û, and we can write A = U í<cr(Q) ̂i>

where ¡A^ < a for each £ < cf(a), and the sets L4£: £ < cf(a)) are pairwise

disjoint. Then each A( has a complete accumulation pointp£, and the set {/?£:

£ < cf(a)} has a complete accumulation point p. Clearly p is a complete

accumulation point of A, which is the desired contradiction.

Theorem 6.1. Let X be a C[n, m] space. Then X is [n, m]-compact.

Proof. The proof is the same as the one outlined in Kelley [K3, 51].

We now show that C[n, m] and N[n, m] are independent properties, and

that [n, m]-compact does not imply C[n, m].

In [Vj] it is shown that N with the discrete topology is not N[xa, b], for any

b > Nu. But clearly N is C[xu, b] vacuously.

We now construct a space which is N[xx, — ] but not C[n„ — ], similar in

flavor to spaces in [Mt].

Example. Let Xn be a discrete space of cardinality N„, and let X* be the

one point compactification of Xn.

Let X = ®nsNX*, the disjoint union of the X*. X is o-compact, hence

Lindelöf, i.e. [n„ - ]-compact. By 2B of [\t] X is N[xx, - ].

Now take any subset A of X with \A\ = Ku. Then since every point of X

has a neighborhood with contains fewer than xu points, A has no complete

accumulation point in X, so X is not C[x„ — ].

We now characterize spaces all of whose powers are C [n, m].

Definition. A space X is (ößQ: n < a < m)- compact provided

(i) ößQ e (lù, for each a with n < a < m;

(ii) if (x£: £ < o) is a net in X, then (x£: £ < a) has a öDq-limit point in X.

Thus a space is (oûa: n < a < m)-compact if, and only if, for each a with

n < a < m, the space is ößa — a-compact.

Theorem 6.2. Let X be a space. Then all of the powers of X are C [n, m] //,

and only if, there exists (6í)a : n < a < m) for which X is (öDa : n < a < m)-

compact.

Proof. Since a product of ößa — a-compact spaces is ößQ — a-compact, if X

is (öD0 : n < a < m)-compact, then all of its powers are C [n, m].

Conversely, if there does not exist a family (ößa: n < a < m), then there

exists a with n < a < m such that X is not ^ — a-compact, for any öD E ¡ia,

so that there exists a net (yf: £ < a) with no öß -limit.

Take Uao^^X^ X A, = Y where each Xs¡, = A, = X, and we take (y£:

£ < a) defined by (y^ = yf with y, such that (y£: £ < a) c Y is faithfully
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indexed. Clearly {y^: ü < a] has no complete accumulation point.

In [CS] and [SS,] it is shown that if Tis compact and S c Twith \S\ < m,

then there exists X with X c S c T, X is C[N0, m], and \X\ < 2m. Note that

if T is Hausdorff and \T\ > 2m, then Ar is not compact. Moreover, if T is a

topological group, then X may also be chosen to be a group. In [SV] it is

shown that quite often |A"| - 2m.

We now wish to construct nontrivial (ößm : n < a < m)-compact spaces. So

for the remainder of this paper, S is dense in T compact Hausdorff, |5| < m,

| T\ > 2m, and for each a with n < a < m, we have a fixed ößa e /ia.

Notation. If B c T, set E(B) = {t E T: there exists (¿>£: £ < a) a net

from B for which n < a < m and t = ößa - lim£<0 ¿£}. Also set .F(.ß) = B

U £•(£).

As usual the proof is a transfinite induction over m+, and we first perform

the inductive step as a lemma.

Lemma 6.3. Let B c T. If\B\ < 2m, then \F(B)\ < 2m.

Proof. Since \B\ < 2m, we have

\9m*(B)\ < 2m.

Now if C G öpm+(5), then clearly \E(C)\ < 2m, since C admits at most 2m

well orderings according to a cardinal a < m (admitting unfaithfully indexed

nets) and since Tis Hausdorff, each such a-net has a unique ößo-limit point.

Now E(B) = KJCe^m+(B)E(C), and so \E(B)\ < 2m2m = 2m. It is now

immediate that \F(B)\ < 2m.

Theorem 6.4. There exists X satisfying:

(ï)S CX cT,
(ii) |A-| < 2m,

(iii) X is (öß0: n < a < m)-compact,

(iv) X is not compact.

Moreover if T is a topological group, then X may also be chosen to be a

group.

Proof. Let X0 = S, and for each £ < m+, define

a-£ = f(ua-A
Vö<£      /

and take X = U£<mAr£. By Lemma 6.2 for each £ < m+, |A*{| < 2m, and so

| A" | < 2m. Clearly S c X c T and since A1 is a proper dense subset of T, X is

not compact.

To see that X is (ößa: n < a < rrt)-compact, let (x£: £ < a) be a net from X

with n < a < m. Then there exists tj < m+ with {x£: ^ < a} c Xr Thus

there exists x G Xn+X c X such that x = ößa - lim£<a x£.
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If T is a group, let <5) = the group generated by B in T. Then take

A"£ = <P,(Us<£As)>, and A" is a group which still enjoys properties (i)

through (iv).

7. Questions. In this section we collect some of the questions scattered

throughout this paper, and also include some other questions whose solution

we would like to see.

1. Does there exist a collection of spaces (X¡: i G /) with |/| = 2C such that

LT/g/A, is not countably compact, but if J c I with |7| < 2C, then J[¡ejX¡ is

countably compact?

2. Does there exist m > x0 for which there is a product of [n0, m]-compact

spaces which is not [n0, m]-compact?

3. Is the product of countably compact topological groups countably

compact?

4. Does there exist a separable Hausdorff ultracompact space which is not

compact?

5. Is it consistent that there exists a space X of cardinality < c which is

compact but not sequentially compact?
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